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Topological insulators are a novel state of matter that share a common feature: their spectral
bands are associated with a nonlocal integer-valued index, commonly manifesting through quan-
tized bulk phenomena and robust boundary effects. In this work, we demonstrate using dimensional
reduction that high-order topological insulators are descendants from a chiral semimetal in higher
dimensions. Specifically, we analyze the descendants of an ancestor four-dimensional Chern insu-
lator in the limit where it becomes chiral and show their relation to two-dimensional second-order
topological insulators. Correspondingly, the quantization of the charge accumulation at the corners
of the 2D descendants is obtained and related to the topological indices – the 1st and 2nd Chern
numbers – of the ancestor model. Our approach provides a connection between the boundary states
of high-order topological insulators and topological pumps – the latter being dynamical realizations
of high-dimensional Chern insulators.
Over the past decades, the unique properties of topo-
logical insulators (TIs) led to many theoretical and ex-
perimental advances1–3. TIs have energy bands that are
characterized by a nonlocal quantity, a topological in-
dex, which manifests through robust bulk and boundary
effects. The quantization of the topological index usu-
ally relies on the presence of local symmetries4–6, sym-
morphic or nonsymmorphic crystalline symmetries7,8, or
even quasiperiodic order9–11. The resulting TIs are ex-
tensively studied and classified according to the presence
or absence of such symmetries4–6,12,13.
A relationship between the topological indices in dif-
ferent symmetry classes and dimensions is obtained us-
ing a plethora of methods, such as K-theory4,14,15, non-
linear sigma model analysis5,6,16, and dimensional reduc-
tion17. Specifically, the latter implies that a Chern insu-
lator in d dimensions is related to a family of models in
d−m dimensions, which we dub ”descendant pump fam-
ily”. Archetypical examples are the (2D→1D)-reduction
of the 2D quantum Hall effect (QHE) to Thouless’s one-
dimensional topological pump18–22, and the (4D→2D)-
reduction of the 4D QHE to two-dimensional topological
pumps23–25. Similarly, the (4D→3D)-dimensional reduc-
tion procedure allows for the derivation of a Z2 index for
3D TIs as descendants from a 4D time-reversal invariant
insulator26.
Recent research into the boundary physics of 2D ma-
terials led to the prediction and observation of zero-
dimensional (0D) states, i.e., states localized in both di-
mensions25,28–37. These states were shown to fall in a
new class of TIs, dubbed “high-order TIs”, where a d-
dimensional insulator has nontrivial boundary phenom-
ena manifesting at its d −m boundary. For example, a
3D second-order (m = 2) TI has a gapped bulk spectrum
and gapped 2D surfaces, but exhibits gapless topological
1D edge states34. The appearance of such states is under-
stood using the modern theory of polarization extended
to high multipole moments, where charge quantisation is
imposed by the underlying symmetries of the system31.
In this paper, we use dimensional reduction to demon-
strate a connection between high-order TIs and descen-
dant pump families from high-dimensional Chern insu-
lators. Specifically, we show that 2D second-order TIs
are the 2D descendants of a 4D chiral semimetal. We do
so by first defining an ancestor 4D Chern insulator with
well-defined 1st - and 2nd -Chern numbers and then ap-
plying (4D→2D)-dimensional reduction to obtain the de-
scendant 2D pump family23–25. In the limit where the 4D
Chern insulator becomes chiral, we find that the pump
family is divided into regions in parameter space sepa-
rated by (bulk- or edge-) gap closures. These regions are
distinguished by the appearance of mid-gap 0D states,
localized at the corners. We calculate the charge accu-
mulation at the corners of the 2D descendants using a
continuoum theory and derive its quantization by con-
necting it to the 2nd Chern flux of the ancestor Hamilto-
nian. Using this revealed connection, we generate various
2D second-order TIs solely via flux insertions through dif-
ferent planes of the 4D ancestor model. Our results are
readily generalized to any dimension, including the rela-
tion of 3D corner states to the 6D QHE and its 3rd Chern
number29,38.
We consider a tight-binding model describing spinless
charged particles moving on a 4D hyper-cubic lattice in
the presence of a magnetic field [see Fig. 1(a)]
Hˆ4D =
∑
m
[
Hˆxz(m) + Hˆyw(m) + ∆Hˆ
b
xy(m)
]
, (1)
where m = (mx,my,mz,mw) is a 4D lattice vector. The
Hamiltonian density Hˆµν(m) describes a 2D Creutz lat-
tice9,27,39 in the µν-plane threaded by a magnetic field
with pi flux quanta per triangular (and parallelogram) µν-
plaquette [cf. Fig. (a) and (b) for the 2D Creutz lattice
and its spectrum]. In the Landau gauge, the 2D Creutz
models can be written as Hˆµν(m) = Tˆµν + Tˆ
†
µν with
Tˆµν =tµν
(
e−ipimµc†m+eµ+eν cm + e
ipimµc†m+eµ−eν cm
)
+ tµc
†
m+eµcm , (2)
where eµ is a lattice unit vector in direction µ, tµ is
the amplitude for nearest-neighbor hopping in the µ-
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FIG. 1. Ancestor model and (2D→1D)-dimensional reduc-
tion. (a) The 4D hypercube model [cf. Eq. (1)] made out
of 2D Creutz lattices in the xz- and yw-planes with a pi
flux threading their triangular (and parallelogram) plaque-
ttes [cf. Eq. (2)]. (b) The energy spectrum of Hˆxz [cf. Eq. (2)]
with periodic boundary conditions, showing two Dirac cones.
(c) The 1D bulk dipole Px(kz) (dashed black line), associ-
ated with the descendant model hˆx(kz), and its derivative
∂kzPx(kz) (solid blue line) as a function of kz. The total area
under ∂kzPx(kz) is equal to the 1
st Chern number c1 of the
ancestor Creutz model [cf., Eq. (5)]. (d) The spectrum as-
sociated to hˆx(kz) plotted with open boundary conditions in
the x-direction. For a given kz, the spectrum is projected
onto the energy axis. Bulk states are shown in gray and edge
states in purple. As a function of kz, edge states cross the
gap in correspondence with the 1st Chern number c1 = 1. For
the simulations in (c) and (d) we used tx = t, txz/tx = 0.45
[cf. Eq. (5)] and tz/tx = 0.03 to open a gap
27. The inset shows
the spectrum for tz/tx = 0. (e) The area S enclosing the in-
terface between a nontrivial 1D TI and the vacuum (top) and
the domain wall configuration in the kz-parameter space that
describes it (bottom). In addition, the charge density ρ of the
many-body ground state at half-filling is sketched.
direction, tµν is the amplitude for next-nearest neigh-
bor hopping, and the threaded flux is incorporated using
Peierls’ substitution40. Note that for any 2piq -flux thread-
ing the 2D Creutz lattice, with q an even integer, the low-
energy theory corresponds to decoupled Dirac cones18.
This is crucial in defining regions in the BZ that are
separated by gap closures. The third term in Eq. (1),
∆Hˆbxy(m), denotes the threading of b = 0 or pi magnetic
flux through each square plaquette in the xy-plane and
can be written as
∆Hˆbxy(m) = (e
imxb − 1)Tˆyw + h.c. . (3)
Finally, a staggered potential Vˆ (m) =
(−1)mx+myµ0c†mcm with a constant mass term µ0
(or similarly when tz 6= 0 6= tw) gaps the spectrum and
the resulting 4D model is a Chern insulator with well
defined 1st and 2nd Chern numbers.
The chosen gauge in Eq. (2) leaves the Hamilto-
nian Hˆ4D invariant under translations in the z- and w-
direction. We can, therefore, write Eq. (1) in terms of
the lattice quasimomenta k˜ = (kz, kw),
Hˆ4D =
∑
m˜,k˜
[
Hˆxz(m˜, k˜) + Hˆyw(m˜, k˜) + ∆Hˆ
b
xy(m˜, k˜)
]
,
(4)
where m˜ = (mx,my),
Hˆµν(m˜, k˜) =J
−
µνc
†
m˜+eµ,k˜
c
m˜,k˜
+ J+µνc
†
m˜−eµ,k˜cm˜,k˜ , (5)
∆Hˆbxy(m˜, k˜) =(e
imxb − 1)J−ywc†m˜+ey,k˜cm˜,k˜
+ (e−imxb − 1)J+ywc†m˜−ey,k˜cm˜,k˜ , (6)
and J±µν = tµ ± (−1)mµ2tµν cos(kν). Before ap-
plying dimensional reduction to the 4D ancestor model
Hˆ4D, we first illustrate the (2D→1D)-reduction of the 2D
Creutz model Hˆµν(m˜, k˜) [cf. Eq. (5)] to the 1D Hamil-
tonian hˆµ(kν) =
∑
mµ
Hˆµν(m˜, k˜), where kν is treated
as an external parameter41. In accord with the mag-
netic unit cell imposed by the pi-flux threading of the
2D Cruez model, the descendant Hamiltonian hˆµ(kν)
defines a 1D chain with a unit cell with two degrees
of freedom, identical to the Su-Schrieffer-Heeger (SSH)
chain42. The topological invariant pertaining to the 1D
SSH model is the bulk dipole moment Pµ(kν) (a.k.a.
polarization), which can be calculated using the Wil-
son loop formalism31,43. As a function of kν , the bulk
dipole Pµ(kν) mod 1 is quantized to two values, 0 and
1/2, that are discontinuously connected at gap closing
points. The quantisation of Pµ(kν) is imposed by the
chiral symmetry (of both the 1D descendant and the 2D
ancestor Creuz models) that ensures the existence of gap
closing points in the (kµ, kν)-parameter space, i.e., at the
2D Dirac cones [cf. Fig. 1(b)]. An onsite staggered po-
tential (−1)mµµ0c†mcm (or similarly a nonzero hopping
tν in the ν-direction
27 of the ancestor 2D Creutz model)
breaks chiral symmetry and gaps the Dirac cone spec-
trum. As a consequence, the two-dimensional (kµ, kν)-
parameter space acquires a well-defined 1st Chern num-
ber c1 =
∫ 2pi
0
dkν∂kνPµ(kν) given by the integral of the
change of dipole moment over the entire descendant fam-
ily of 1D models hˆµ(kν), see Fig. 1(c)
19,22,44. Hence, the
adiabatic evolution of hˆµ(kν(t)) along a closed path re-
alizes a dynamical version of the 2D QHE, dubbed topo-
logical pumping, where c1 charges are transported across
the 1D system per pump-cycle9,19,22. Therefore, a non-
trivial value c1 6= 0 means that the bulk dipole must wind
as a function of kv, cf. Fig. 1(c).
A nonvanishing 1D bulk dipole Pµ(kν) 6= 0 has corre-
sponding boundary effects, where 0D sub-gap states ap-
pear at the interface of the material with the vacuum, see
3FIG. 2. The 2D descendant family. (a) The descendant model
hˆpixy(k˜). Single (double) lines denote hopping amplitude J
−
µ
(J+µ ). The area C enclosing the interface of the 2D material
with the vacuum (dashed purple square), as well as the corre-
sponding domain-wall configuration in the k˜-parameter space
are shown. (b) The quadrupole moment Qxy(k˜) of hˆ
pi
xy(k˜) and
the curvature ∂kz∂kwQxy(k˜) associated with the 2
nd Chern
number c2; the total area under the latter is an integer. (c)
The open boundary spectrum of hˆpixy(k˜), for a selected path in
k˜. Depicted are bulk bands (gray), upper/lower edge states
(blue), right/left edge states (green), and corner states (pur-
ple). The top (bottom) spectrum has broken (preserved) chi-
ral symmetry with tz = tw = 0.03 (tz = tw = 0). The
k˜-parameter space of the latter is divided into a nontrivial re-
gion with zero-energy corner states and a trivial region with
no zero-energy solutions. (d) The charge density of hˆpixy(k˜) at
half filling and k˜ = (0, 0) has ±1/2 charge deviation at the
corners. In (b), (c) and (d), we used tx = t, tx/ty = 1 and
txz/tx = tyw/ty = 0.45. In (b) we used tz = tw = 0.001t to
minimally open the gap.
Fig. 1(d)44. In order to calculate the charge qS accumu-
lated in a region S enclosing the interface between two
1D insulators [see Fig. 1(e)], we linearise the dynamics
around zero energy and obtain the low-energy Hamilto-
nian hˆ(kν) =
∑
|kµ|≤Λ
d ·σ (i.e., we use the massive Jakiw-
Rebbi model45), where d = {v(kν)kµ, µ1(kν), µ0(kν)} is
a real-valued vector, σ = {σx, σy, σz} are three matrices
satisfying the Clifford algebra {σi, σj} = 2δij , and Λ is
the cut-off energy scale of the low-energy theory. The
resulting accumulated charge qS is
qS =
1
2pi
∫
S˜
dˆ · (∂kµ dˆ× ∂rµ dˆ)dkµdrµ , (7)
where dˆ = d|d| , and S˜ = S × [−Λ,Λ] is the integration
domain. The interface between the two insulators in real
space is equivalent to a domain wall in the kν-parameter
space44, see Fig. 1(e). Hence, the accumulated charge
(7) is the Berry flux (or 1st Chern flux) attached to the
corresponding region defined by S˜ in the 2D BZ of the an-
cestor Creuz Hamiltonian
∑
kν
hˆ(kν). In the limit where
chiral symmetry is restored, |qS | becomes quantized to
two values, 1/2 or 0, that correspond to encircling or
not-encircling a singularity with ±1/2 Berry flux. Thus,
the 1D family hˆµ(kν) is divided into a trivial region with
qS = 0, and a nontrivial region with |qS | = 1/2, in accord
with the value of the bulk dipole Pµ(kν), cf. Fig. (c). This
is known as the bulk-boundary correspondence of 1D TIs,
i.e., the relation between the quantized topological index
(bulk dipole) and charge at the boundary46. Note that
Eq. (7) also describes the accumulation of nontopological
charge at the boundary between two insulators (Tamm
states), arising from surface polarizability47.
In similitude to the (2D→1D)-reduction of a 2D
chiral semimetal (Creuz model) to a 1D TI (SSH
model), the main goal of this work is to demon-
strate that the 4D Hamiltonian Hˆ4D leads to 2D
second-order TIs. A (4D→2D)-dimensional reduction
of Eq. (1) yields the 2D descendant family hˆbxy(k˜) =∑
m˜
[
Hˆxz(m˜, k˜) + Hˆyw(m˜, k˜) + ∆Hˆ
b
xy(m˜, k˜)
]
, describ-
ing a square lattice in the xy-plane made out of SSH
chains [see Eq. (5)] in both the x- and y-directions, and
where each xy-plaquette is threaded by a magnetic field
with b flux quanta, see Fig. 2(a).
We first consider the case b = pi. The topologi-
cal invariant of the resulting 2D descendant model is
associated with a bulk quadrupole moment Qxy that
can be calculated using nested Wilson loops31,37,48, see
Fig. 2(b). As a function of k˜, the bulk quadrupole
Qxy takes quantized values, either 0 or ± 12 31. Breaking
chiral symmetry with an onsite potential (−1)mx+myµ0
(or similarly when nearest-neighbor hopping amplitudes
tz 6= 0 6= tw appear in the z- and w- direction of the
ancestor 4D model) makes the 2nd Chern number of the
(kx, ky, kz, kw)-parameter space well-defined and equal
49
to c2 =
∫
T2
∂kz∂kwQxy(k˜)d
2k˜, see Fig. 2(b). Hence, the
adiabatic evolution of hˆpixy(k˜(t)) over a closed surface in
the k˜-parameter space realizes a dynamical version of
the 4D QHE, called 2D topological pumping23–25, where
charge proportional to c2 is transported across the 2D
system per pump cycle. Therefore, a nontrivial value of
c2 6= 0 results in the “winding” of the bulk quadrupole
as a function k˜, see Fig. 2(b). The bulk responses of the
descendant 2D pump hˆpixy(k˜) have associated boundary
phenomena25 where: (i) 1D edge states, i.e., states lo-
calized in one of the two dimensions but extended in the
other, appear in the spectrum, and (ii) sub-gap 0D corner
states, i.e., states localized in both dimensions, disperse
as a function of k˜, see Figs. 2(c) and (d).
For a generic 2D material with low-energy Hamil-
tonian hˆ(k˜) =
∫
|k|≤Λ d · Γd2k, where d = {µ0(k˜),
µ1(k˜), µ2(k˜), vx(k˜)kx, vy(k˜)ky} is a real-valued vector,
Γ = {Γ0, ...,Γ4} are five anticommuting matrices
{Γµ,Γν} = 2δµν , and Λ is a cut-off energy scale, we de-
4FIG. 3. Descendant 2D models and their multipole description. (a) The model hˆ0xy(k˜). Single (double) lines denote a hopping
strength of J−µ (J
+
µ ). Dashed (solid) lines denote x- (y-) hopping amplitudes. Nonzero surface dipole moments Py|∂ and Px|∂
result in charge accumulation qC in a region C enclosing the corner. (b) left: The tangential dipole moment along y as a
function of lattice sites along x of hˆ0xy(k˜) for k˜ = (0, 0) (blue) and k˜ = (5pi/11, 0) (black). As the edge-gap closing point
k˜ = (pi/2, 0) is approached, the localisation length of the surface dipoles diverges. right: The charge qC as a function of k˜,
showing two distinct regions with qC = 0 and qC = 1/2. Discontinuities around kw = pi/2 are due to bulk bands approaching
zero energy in [cf. (c)]. (c) The open boundary spectrum of hˆ0xy(k˜) for a selected path in k˜. Gap closings occur at the bulk-
or edge-spectra, dividing the k˜-parameter space into regions with/out zero-energy corner states. (d) The model hˆpi,pixy (k˜). Lines
denote hopping amplitudes as in (a). For this model, the charge qC arises due to nonzero surface dipole moments Py|∂ and
Px|∂ , as well as nonzero quadrupole moments ∂xQxy|∂ and ∂yQxy|∂ . (e) left: The contribution to qC from the quadrupole
moments ∂xQxy|∂ and ∂yQxy|∂ . right: The charge qC as a function of k˜. (f) The open boundary spectrum of hˆpi,pixy (k˜) for
a selected path in k˜, exhibiting regions with: (i) zero-energy states localised at the upper/lower left corner, (ii) zero-energy
states localised at the upper/lower right corner, and (iii) no zero-energy solutions. In (b), (c), (e) and (f), we have used tx = t,
ty/tx = 1/10, txz/tx = tyw/ty = 0.45, and an onsite staggered mass µ0 = 0.001.
rive49 the charge accumulation qC in a region C enclosing
the corner of the system [cf. Fig. 2(a)]
qC =
∫
C˜
dˆ · (∂kx dˆ× ∂ky dˆ× ∂xdˆ× ∂ydˆ)d2kd2r , (8)
where dˆ = d|d| , and C˜ = C × [−Λ,Λ]2 is the integra-
tion domain. Since the corner of the material can be ex-
pressed as the intersection of two domain walls in the k˜-
parameter space [cf. Fig. 2(a)], qC is equivalent to the 2
nd
Chern flux attached to the region defined by C˜ in the 4D
BZ of the ancestor Hamiltonian (1). In the limit where
chiral symmetry is restored, |qC | becomes quantised to
0 or 1/2, corresponding to encircling or not-encircling a
4D singularity with ± 12 2nd Chern flux. For the 2D fam-
ily hˆpixy(k˜), we find that the k˜-parameter space is divided
into trivial regions with |qC | = 0 and a nontrivial region
with |qC | = 1/2; the latter exhibiting zero-energy states
localized at the corners, in accord with the value of the
bulk quadrupole Qxy, cf. Figs. 2(b)-(d).
The connection between charge accumulation at the
2D corner and the 2nd Chern flux is a key outcome of
this work. However, such charges can arise due to bulk
topology as well as due to boundary effects. In general,
the charge accumulation qC in a region C enclosing the
corner of a finite-sized macroscopic 2D material inter-
faced with another material can be calculated using the
electric multipole expansion31
qC =
∫
C
(ρbulk + ρ∂ + ρ∂∂)d
2r , (9)
where ρbulk = −∇ · ~P + 12∂i∂jQij are the contributions
due to the bulk dipole ~P and quadrupole Qxy densities,
ρ∂ = ~ˆn · ~P |∂ − nˆi∂jQij |∂ are the contributions due to
a “free” edge dipole ~ˆn · ~P |∂ and quadrupole nˆi∂jQij |∂
densities, and ρ∂∂ =
1
2 nˆ
α
i nˆ
β
jQij is the contribution due
to a point charge created by a “free” quadrupole density
at the intersection of two edges with normal vectors ~ˆnα
and ~ˆnβ . Hence, a nontrivial value of qC can also originate
from a combination of bulk and surface terms49.
For the 2D Hamiltonian hˆpixy(k˜), the only nonvanish-
ing contributions to the corner charge qC arise from a
quantised bulk quadrupole Qxy. On the other hand,
starting from the 4D ancestor model Eq. (1) with b = 0
we obtain, upon (4D→2D)-dimensional reduction, a 2D
tight-binding model hˆ0xy(k˜) of SSH chains hˆx(kz) along
the x-direction coupled to SSH chains hˆy(kw) in the
y-direction, see Fig. 3(a). The descendant 2D family
5has zero bulk quadrupole density Qxy but nonzero edge
dipole densities ~P |∂ that result in two distinct phases
with qC = 0 or 1/2, see Fig. 3(b). In the latter, zero-
energy states appear at the corners, while phase tran-
sitions happen at (bulk- or edge-) gap closing points,
see Fig. 3(c). As a third example, we start from the
4D ancestor model Hˆ4D with b = 0 and thread a pi-
flux through the xw-plane. This leads, upon (4D→2D)-
dimensional reduction, to a 2D descendant family de-
noted by hˆpi,pixy (k˜) and described by SSH chains hˆx(kz)
along the x-direction, coupled to alternating SSH chains
hˆy(kw +pix) in the y-direction, see Fig. 3(d). The charge
accumulation qC is now a combination of bulk and sur-
face terms that sum to quantised values, 0 or 1/2, see
Fig. 3(e). The spectrum is, once more, separated into
regions characterized by the appearance of zero-energy
states, while phase transitions happen at (bulk- or edge-
) gap closing points, see Fig. 3(f). In all three cases, the
charge accumulation at the intersection of two edges is
associated to a nontrivial value of the 2nd Chern flux at-
tached to the region defined by C in the 4D BZ of the
ancestor Hamiltonian49.
The relationship between the 4D chiral semimetal Hˆ4D
and 2D second-order TIs offers a plethora of general-
izations. Namely, there is a wide variety of 4D ances-
tor models that can be constructed where various planes
are threaded with 2pi/q fluxes (with q an even integer)
and different directions are dimensionally reduced. More-
over, our methodology is readily extended to a (6D→3D)-
reduction where the charge accumulated at the corner
(i.e., at the intersection of three edges) is associated to
a 3rd Chern number38. Such charges can arise from
a combination of octapole, quadrupole and dipole mo-
ments. Equivalently, our procedure offers multiple topo-
logical pump realisations, where a time-dependent adi-
abatic evolution results in charge transport across the
descendant system, in response to the modulation of the
bulk dipole, quadrupole and octapole moments; this nat-
urally explains the appearance of surface, hinge and cor-
ner modes [cf. Fig. 2(c) and Ref. [24]].
In this paper, we find that dimensional reduction re-
veals a connection between the physics of high-order TIs,
topological pumps and Chern insulators. As an example,
we show that the (4D→2D)-dimensional reduction of a
4D Chern insulator results into different families of 2D
topological pumps. By taking the limit where the former
becomes chiral, we obtain a relation between the corner
charge found in 2D topological pumps and 2D second-
order TIs. We use a low-energy continuum theory to
calculate the charge accumulation at the intersection of
two edges and associate it to a nontrivial value of the
2nd Chern flux. In the high-energy description the cor-
ner charge arises from a combination of bulk and surface
multipole moments. Hence, the definition of an invari-
ant associated to the charge accumulation at the corner
of a high-order TIs can be readily obtained from high-
dimensional Chern forms and various models can be de-
rived from a single ancestor high-dimensional insulator,
using dimensional reduction.
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Appendix A: Charge accumulation at the corner of 2D materials
In this Section, we calculate the charge accumulation at the corner of a 2D macroscopic material described by the
three models discussed in the main text and show its relation to the 2nd Chern flux. Specifically, we find the low-energy
continuoum description of the momentum space Hamiltonian and solve for localised states at the corner. We calculate
the charge accumulation at the corner by constructing a smooth boundary with the vacuum and perturbatively
expanding the variation of the Hamiltonian up to second order. Finally, we show the quantization of the accumulated
charge in the limit where chiral symmetry is restored.
1. Model I
We consider the Hamiltonian hˆpixy(k˜) =
∑
m˜
[
Hˆxz(m˜, k˜) + Hˆyw(m˜, k˜) + ∆Hˆ
pi
xy(m˜, k˜)
]
, defined in the main text,
where k˜ is treated as an external two-dimensional parameter space. The resulting lattice is made out of SSH chains
[see Eq. (5) in the main text] in both the x- and y-directions, and each xy-plaquette is threaded by a magnetic field
with pi flux quanta, see Fig. 2(a) in the main text. As a function of k˜, the spectrum of hˆpixy(k˜) has: (i) 1D edge states
appearing below zero energy that merge into the bulk, and (ii) zero-energy 0D corner states that merge into the edge
or bulk spectrum at the gap closing points, see Fig. 2(c).
Linearising the dynamics of hˆpixy(k˜) around zero energy we find that the low-energy theory is given by a single Dirac
cone around k ∼ (pi, pi), described by the Hamiltonian
hˆpixy(k˜) =
∫
|k|<Λ
d2k d0 · Γ , (A1)
where d0 = {µ0(k˜), µ1(k˜), µ2(k˜), vx(k˜)kx, vy(k˜)ky}, vµ(kν) = J+µν , µ2(kz) = J+xz − J−xz, µ1(kw) = J+yw − J−yw, µ0 is
a chiral-breaking mass (in general can be k˜ depended), Λ is the cut-off energy scale of the low-energy theory above
which the approximation is not valid, and Γ = {Γ0,Γ1,Γ2,Γ3,Γ4} are five matrices,
Γ0 =
(−1 0
0 1
)
,Γ1 =
(
0 σz
σz 0
)
,Γ2 =
(
0 σx
σx 0
)
,Γ3 =
(
0 −i1
i1 0
)
,Γ4 =
(
0 σy
σy 0
)
, (A2)
satisfying the Clifford algebra, {Γi,Γj} = 2δij1, with {σx, σy, σz} the Pauli matrices. The above model is equivalent to
a free two-dimensional Dirac particle with linear dispersion vx (vy) in the x- (y-) direction, in a background potential
µ = {µ0, µ1, µ2}. The localised states around zero energy [cf. Fig. (2)(c) and (d)] are found by solving the continuoum
Hamiltonian dc · Γ, where dc = {µ0, µ1, µ2,−vxi∂x,−vyi∂y} (we drop the k˜-dependence for simplicity), with a plane
wave ansatz ψ = ei(kxx+kyy)φ, where φ are the Bloch eigenvectors of d0 · Γ. Since we are interested in finding corner
states, i.e., states that are localised in both dimensions, we place our system on a semi-infinite space in R2≥0, where
x ≥ 0 and y ≥ 0 (with Dirichlet boundary condition for x < 0 and y < 0). Assuming µ0 can be treated perturbatively,
we expand up to first order to find a single normalisable solution below zero energy (assuming µ1vx > 0 and
µ2
vy
> 0)
ψ = e
−
x∫
0
m1
vx
dx′
e
−
y∫
0
m2
vy
dy′
100
0
 , (A3)
with negative eigenvalue −µ0. The above wavefunction is localised in both dimensions around the origin of the
semi-infinite space and decays exponentially in space.
2In order to calculate the charge accumulation at the interface between the macroscopic material described by
hˆpixy(k˜) and the vacuum, we extend the semi-infinite space R2≥0 to R2 and introduce domain walls in the µ1(x)
and µ2(y) parameters. Namely, the domain walls interpolates between: (i) a ground state with asymptotic value
µ1(x → ∞) = µ1(k˜) and a vacuum state with µ1(x → −∞) < 0, and (ii) a ground state with asymptotic value
µ2(y → ∞) = µ2(k˜) and a vacuum state with µ2(y → −∞) < 0 [see Fig. 2(a)]. This results in having the desired
Hamiltonian hˆxy(k˜) in the upper-right quadrant of R2, continuously connected to the vacuum state in the lower-right
(upper-left) quadrant with no y-(x-) localised solutions. In general, any arbitrary, continuous interpolation between
µ1(x→∞) and µ1(x→ −∞) [and similarly for µ2(y)] is sufficient, however, a corner state will manifest only at the
intersection of two domain walls.
To calculate the charge density and charge accumulation at the corners of the 2D model with the domain walls
defined above, cf. Fig 2(a), we first define the corresponding (2+1)D Lagrangian
L = ψ¯ (i/∂ − µ · τ)ψ , (A4)
where /∂ = vµγ
µ∂µ, with µ = {0, 1, 2}, is a sum of derivatives multiplied by the matrices γ0 = Γ0, γ1 = Γ0Γ1,
γ2 = Γ0Γ2, µ = {µ0, µ1, µ2} is a real-valued vector describing a background potential on the basis τ = {1,Γ0Γ3,Γ0Γ4},
and ψ¯ = ψ†γ0 is the “anti-matter” field. The above Lagrangian describes a free massless two-dimensional Dirac field
in a background “Yukawa” potential µ · τ . Importantly, the equations of motion derived from L are the same as
those obtained by the continuoum Hamiltonian i∂0ψ = dc · Γψ. Coupling the theory to a U(1) gauge field (i.e., to
electromagnetism), the many-body ground state expectation value of the conserved 3-current at position x¯ = (t, x, y)
is given by 〈
jˆµ(x¯)
〉
= − i
2
tr
(
γµSr(x¯, x¯) + γµSl(x¯, x¯)
)
, (A5)
where Sr(x¯, y¯) and Sl(x¯, y¯) are the Green’s functions associated with the equations of motion for the fields ψ and ψ¯(
i~/∂x¯ − µ · τ
)
Sr(x¯, y¯) = 1δ(x¯− y¯) , and Sl(x¯, y¯)
(
i ~/∂y¯ − µ · τ
)
= 1δ(x¯− y¯) . (A6)
Here, ~/∂y¯ (
~/∂x¯) is the derivative acting to the left (right) with respect to the y¯ (x¯) coordinates. Using the Fourier
transforms:
δ(x¯− y¯) =
∫
d3k¯
(2pi)3
e−ik¯·(x¯−y¯) , (A7)
Sl(x¯, y¯) =
∫
d3k¯
(2pi)3
e−ik¯·(x¯−y¯)Sl(x¯, k¯) , (A8)
Sr(x¯, y¯) =
∫
d3k¯
(2pi)3
e−ik¯·(x¯−y¯)Sr(x¯, k¯) , (A9)
where k¯ = {ω, kx, ky} is the 3-momentum, the Green’s functions can be written as
Sr(x¯, k¯) =
1
/k + i~/∂x¯ − µ · τ
, (A10)
Sl(x¯, k¯) =
1
−/k + i ~/∂x¯ − µ · τ
. (A11)
The charge accumulation in a closed region C [e.g., see Fig. 2(a)] defined anywhere in R2 (i.e., anywhere in the
material) is given by the integral of the zeroth component of the current
〈
jˆ0(x¯)
〉
qC =
∫
C
〈
jˆ0(x¯)
〉
d2r , (A12)
where r = {x, y} are the spatial dimensions. In order to find an analytic expression for qC , we assume that the
domain wall interpolation is done smoothly and slowly enough, such that the Green’s functions Sr and Sl can be
perturbatively expanded in powers of the gradients
Sr(x¯, k¯) ' 1
/k − µ · τ +
1
/k − µ · τ ·
(
−i~/∂x¯
)
· 1
/k − µ · τ +
1
/k − µ · τ ·
(
−i~/∂x¯
)
· 1
/k − µ · τ
(
−i~/∂x¯
)
· 1
/k − µ · τ , (A13)
Sl(x¯, k¯) ' 1−/k − µ · τ +
1
−/k − µ · τ ·
(
−i ~/∂x¯
)
· 1−/k − µ · τ +
1
−/k − µ · τ ·
(
−i ~/∂x¯
)
· 1−/k − µ · τ
(
−i ~/∂x¯
)
· 1−/k − µ · τ ,
(A14)
3where we keep terms up to second order. Substituting the above expansions into Eq. (A12), we find that the first
nonvanishing contributions are at second order
qC =
3
8pi2
∫
C˜
dˆ0 · (∂kx dˆ0 × ∂ky dˆ0 × ∂xdˆ0 × ∂ydˆ0)d2kd2r , (A15)
where dˆ0 =
d0
|d0| is the normalised vector of the low-energy momentum-space Hamiltonian d0 · Γ, C˜ = C × [−Λ,Λ]2
is the integration domain and Λ is the cut-off energy scale of the low-energy theory obtained from the lattice model
d · Γ. Since the spatial dependence of hˆpixy(k˜) is through the k˜ parameters [i.e., k˜ is a function of r], we can change
variables of integration in Eq. (A15) to obtain
qC =
3
8pi2
∫
C˜
dˆ0 · (∂kx dˆ0 × ∂ky dˆ0 × ∂kz dˆ0 × ∂kw dˆ0)d2kd2k˜ , (A16)
where the integration is done over the region defined by C in the k˜-parameter space. This is exactly the expression
of the 2nd Chern flux attached to a region in the 4D BZ of the ancestor model [cf., Eq. (C7)].
In the case of a domain wall defined by the asymptotic values µi(∞) = µi(k˜) and µi(−∞) < 0, with i = 1 or 2 [cf.,
Fig. 2(a)], we find that the charge accumulation in the limit µ0 → 0 (i.e, when chiral symmetry is restored) takes two
values
lim
µ0→0
|qC | =1
2
or 0 , (A17)
depending on the value of k˜. In the nontrivial case |qC | = 12 , the integration region defined by C˜ encloses a 4D Dirac
point with a singular 2nd Chern number flux equal to ± 12 .
2. Model II
We consider the Hamiltonian hˆ0xy(k˜) =
∑
m˜
[
Hˆxz(m˜, k˜) + Hˆyw(m˜, k˜) + ∆Hˆ
0
xy(m˜, k˜)
]
, defined in the main text,
where k˜ is treated as an external two-dimensional parameter space. The resulting lattice is made out of SSH chains
hˆx(kz) [see Eq. (5)] along the x-direction coupled to chains hˆy(kw) in the y-direction, see Fig. 3(a) for the real space
lattice. The two components hˆx(kz) and hˆy(kw) are defined to have a relative hopping strength tx/ty =  6= 1, since
only in this case the spectrum has a finite gap at zero energy with corresponding 1D edge and 0D corner states, see
Fig. 3(c).
The low-energy theory of hˆ0xy(k˜) is given by a single conical spectrum around k ∼ (pi, pi), described by the Hamil-
tonian
hˆpixy(k˜) =
∫
d2k d0 · Γ , (A18)
where d0 = {µ0(k˜), µ1(k˜), µ2(k˜), vx(k˜)kx, vy(k˜)ky}, vµ(kν) = J+µν , µ2(kz) = J+xz − J−xz, µ1(kw) = J+yw − J−yw, µ0 is a
chiral-breaking mass (in general can be k˜ depended), and Γ = {Γ0,Γ1,Γ2,Γ3,Γ4} are five matrices,
Γ0 =
(−1 0
0 1
)
,Γ1 =
(
0 1
1 0
)
,Γ2 =
(
0 σx
σx 0
)
,Γ3 =
(
0 −iσz
iσz 0
)
,Γ4 =
(
0 σy
σy 0
)
, (A19)
satisfying the chiral algebra, {Γ0,Γj} = 2δ0j1. The above model is equivalent to a free two-dimensional fermionic
particle with linear dispersion vx (vy) in the x- (y-) direction, in a background potential. As in Sec. A 1, the
localised states around zero energy [cf. Fig. (3)(c)] are found by solving the continuoum Hamiltonian dc · Γ, where
dc = {µ0, µ1, µ2,−vxi∂x,−vyi∂y}, with a plane wave ansatz ψ = ei(kxx+kyy)φ, where φ are the Bloch eigenvectors
of d0 · Γ. We place our system on a semi-infinite space in R2≥0, where x ≥ 0 and y ≥ 0 (with Dirichlet boundary
condition for x < 0 and y < 0) and take the limit µ0 → 0. We expand up to first order and find a single normalisable
solution below zero energy (assuming µ1vx > 0 and
µ2
vy
> 0)
ψ = e
−
x∫
0
m1
vx
dx′
e
−
y∫
0
m2
vy
dy′
100
0
 , (A20)
4with negative eigenvalue −µ0. The above wavefunction is localised in both dimensions around the origin of the
semi-infinite space and decays exponentially in space.
Following a similar procedure as in Sec. A 1, we construct the interface between the macroscopic material described
by hˆ0xy(k˜) and the vacuum by extending the semi-infinite space R2≥0 to R2 and introducing domain walls in the µ1(x)
and µ2(y) parameters. The corresponding (2+1)D Lagrangian is given by
L = ψ¯ (i/∂ − µ · τ)ψ , (A21)
where we adopt the same notation as in Sec. A 1. We couple the theory to a U(1) gauge field (i.e., to electromagnetism),
and calculate Eq. (A12) up to second order in the gradients of µ1 and µ2. We find that the first nonvanishing
contribution to the charge accumulation in a closed region C [eg., see Fig. 2(a)] is given by
qC =
3i2
pi3
∫
C˜
∫
ω2 + k2x + µ
2
1 − µ20(−ω2 + k2x + µ21 + µ0)4µ0∂xµ1∂yµ2 dωd2kd2r , (A22)
where we have expanded around  ∼ 0 and kept up to second order. Changing variables of integration r → k˜ in
Eq. (A22), we obtain an expression proportional to the 2nd Chern flux attached to a region in the 4D BZ of the
ancestor model [cf., Eq. (C9)]. In the limit µ0 → 0, i.e., when chiral symmetry is restored, the charge accumulation
becomes quantized to
lim
µ0→0
|qC | =1
2
or 0 . (A23)
In the nontrivial case |qC | = 12 the integration region defined by C˜ encloses a 4D crossing point in the (kx, ky, kz, kw)-
parameter space.
3. Model III
We consider the Hamiltonian hˆ0xy(k˜) =
∑
m˜
[
Hˆxz(m˜, k˜) + Hˆyw(m˜, k˜) + ∆Hˆ
0
xy(m˜, k˜)
]
, defined in the main text,
with an additional pi-flux through the xw-plane. The resulting lattice is made out of SSH chains hˆx(kz) along the
x-direction coupled to alternating SSH chains hˆy(kw + pix) in the y-direction, see Fig. 3(d) in the main text. The two
components hˆx(kz) and hˆy(kw) are defined to have a relative hopping strength tx/ty =  6= 1, since in this case, the
spectrum has a finite gap at zero energy with corresponding 1D edge and 0D corner states, see Fig. 3(f).
The low-energy theory of the model around k ∼ (pi, pi) and k˜+ ∼ (0, 0), is described by the Hamiltonian∫
d2k d0 · Γ , (A24)
where d0 = {µ0(k˜), µ1(k˜), µ2(k˜), vx(k˜)kx, vy(k˜)ky}, vµ = J+µν , µ2(kz) = J+xz − J−xz, µ1(kw) = J+yw − J−yw, µ0 is a
chiral-breaking mass (in general can be k˜ depended), and Γ = {Γ0,Γ1,Γ2,Γ3,Γ4} are five matrices,
Γ0 =
(−1 0
0 1
)
,Γ1 =
(
0 1
1 0
)
,Γ2 =
(
0 iσy
−iσy 0
)
,Γ3 =
(
0 −iσz
iσz 0
)
,Γ4 =
(
0 12 (σx + iσy)
1
2 (σx − iσy) 0
)
, (A25)
satisfying the chiral algebra, {Γ0,Γj} = 2δ0j1. As in Sec. A 1, the localised states around zero energy [cf. Fig. (3)(f)
in the main text] are found by solving the continuoum Hamiltonian dc ·Γ, where dc = {µ0, µ1, µ2,−vxi∂x,−vyi∂y},
with a plane wave ansatz ψ = ei(kxx+kyy)φ, where φ are the Bloch eigenvectors of d0 · Γ. Placing our system on a
semi-infinite space in R2≥0, where x ≥ 0 and y ≥ 0 (with Dirichlet boundary condition for x < 0 and y < 0) and
expanding up to first order in µ0 we find a single normalisable solution below zero energy (assuming
µ1
vx
> 0 and
µ2
vy
> 0)
ψ = e
−
x∫
0
m1
v
+
x
dx′
e
−
y∫
0
m2
v
±
y
dy′
100
0
 , (A26)
5with negative eigenvalue −µ0. The above wavefunction is localised in both dimensions around the origin of the
semi-infinite space and decays exponentially in space.
Following te same procedure as in Sec. A 1, we construct the interface between the macroscopic material described
by hˆ0xy(k˜) and the vacuum by extending the semi-infinite space R2≥0 to R2 and introducing domain walls in the µ1(x)
and µ2(y) parameters. The corresponding (2+1)D Lagrangian is given by
L = ψ¯ (i/∂ − µ · τ)ψ , (A27)
where we adopt the same notation as in Sec. A 1. We calculate Eq. (A12) up to second order in the gradients of
µ1 and µ2 to find that the first nonvanishing contribution to the charge accumulation in a closed region C [e.g., see
Fig. 3(a)] is given by
qC =
i2
2pi3
∫
C˜
∫
µ0∂xµ1∂yµ2(−ω2 + k2x + µ21 + µ0)3 dωd2kd2r , (A28)
where we have expanded around  ∼ 0 and kept up to second order. Changing variables of integration in Eq. (A28),
r → k, we obtain the expression of the 2nd Chern flux attached to a region in the 4D BZ of the ancestor model [cf.,
Eq. (C10)]. In the limit µ0 → 0, i.e., when chiral symmetry is restored, the charge accumulation becomes quantized
to
lim
µ0→0
|qC | =1
2
or 0 . (A29)
In the nontrivial case |qC | = 12 , the integration region defined by C˜ encloses a 4D crossing point in the (kx, ky, kz, kw)-
parameter space.
Appendix B: Multipole description of macroscopic materials
In this Section we define a macroscopic 2D material and for completeness show the derivation of the charge density
following the modern approach of electric multipole expansion31,43,44. As an example, we consider the 2D pump family
hˆpixy(k˜) and derive the charge transport under the adiabatic evolution of k˜. This provides the connection between the
2nd Chern number c2 and the change of quadrupole moment ∂kz∂kwQxy(k˜).
1. Multipole expansion
We assume that the material can be broken into unit cells v(r) at positions r, in which we define the multipole
densities
ρ(r) =
1
v(r)
∫
v(r)
d2Rρ(r + R) (B1)
pi(r) =
1
v(r)
∫
v(r)
d2Rρ(r + R)Ri (B2)
qij(r) =
1
v(r)
∫
v(r)
d2Rρ(r + R)RiRj , (B3)
where ρ(r), pi(r) and qij(r) are the charge, dipole and quadrupole densities over the unit cell at position r and the
integrals run over v(r). The electric potential at position r due to a charge distribution is given by
φ(r) =
1
4pi0
∑
r ′
∫
v(r ′)
d2R
ρ(r ′ + R)
|r−R− r ′| (B4)
where 0 is the dielectric constant, r
′ labels the unit cells and the integral runs over v(r). In the limit where the unit
cell is small compared to the size of the material, r is treated as a continuous parameter and the sum over the positions
6of the unit cells becomes an integral over the area V of the material
∑
r′ →
∫
V
d2r′. In this case, the expression for
the electric potential can be expanded in powers of 1/|r− r ′|
φ(r) =
∞∑
l=0
φl(r) , (B5)
where
φl(r) =
1
4pi
∫
V
d2r ′
∫
v(r ′)
d2Rρ(r ′ + R)
|R|l
|r− r ′|l+1Pl
(
r− r ′
|r− r ′| ·
R ′
|R ′|
)
, (B6)
and Pl(x) is the l’th Legendre polynomial. Using the definitions of the multipole densities (see Eq. (B3)), the
contributions to the total potential up to the quadrupole moment are given by31
φ0(r) =
1
4pi0
∫
V
d2r′ρ(r′)
1
|r− r′| , (B7)
φ1(r) =
1
4pi0
∫
V
d2r′
(
−∂ipi(r′) 1|r− r′|
)
+
1
4pi0
∫
∂V
d1r′
(
nˆipi(r
′)
1
|r− r′|
)
, (B8)
φ2(r) =
1
4pi0
∫
V
d2r′
(
1
2
∂i∂jqij(r
′)
1
|r− r′|
)
+
1
4pi0
∫
∂V
d1r′
(
−nˆi∂jqij(r′) 1|r− r′|
)
+
1
4pi0
∑
p
(
1
2
nˆαi nˆ
β
j (1− δij)qij(r′)
1
|r− r′|
)
,
(B9)
where ∂V is the 1D boundary (i.e., the edge) of the material and p denotes the set of points where two edges, α and
β, of V intersect (i.e., the corners). The zeroth term in the expansion φ0(r) is proportional to the bulk charge density
of the material, the first-order term φ1(r) is proportional to (i) the areal charge density created by the divergence
of a bulk dipole moment and (ii) the line charge density σα = nˆ
α
i pi(r) created by a free dipole moment on edge α
with normal vector ~ˆnα, the second-order term φ2(r) is proportional to (i) the areal charge density created by a bulk
quadrupole moment, (ii) the line charge density λa = −nˆai ∂jqij created by the divergence of the quadrupole moment
on an edge α with normal vector ~ˆnα and (iii) the free point charges ηα,β =
1
2 nˆ
α
i nˆ
β
jQij at the corners of the material
where two edges, α and β, intersect.
The total charge density at a position r due to an electric potential φ(r) is given by
ρ0(r) = −∇2φ(r) . (B10)
Using the identity ∇2
(
1
|r−~r′|
)
= −4piδ(2)(r − ~r′), the total charge density can be expressed as ρ0(r) = ρbulk(r) +
ρedge(r) + ρcorner(r) where
ρbulk(r) =ρ(r)− ∂ipi(r) + 1
2
∂i∂jqij(r) , (B11)
ρedge(r) =σα + λa , (B12)
ρcorner(r) =ηα,β . (B13)
(B14)
2. Quadrupole winding in a 2D topological pump
We consider the 2D pump family hˆpixy(k˜) with an on-side staggered potential with strength µ0. The only nonzero
multipole of this model is the bulk quadrupole Qxy(k˜). We assume ∂tkz = E and ∂xkw = B, where E and B are small
parameters. In other words, kz is adiabatically evolved as a function of time t with period 1/E and kw is smoothly
changing over the x-direction with period 1/B. Under this assumption, the resulting charge transport after a period
across the y-direction of the 2D material is given by
∆q =
∫
dt
∫
dx∂t∂xQxy. (B15)
Changing variables of integration t → kz and x → kw we find that the total charge transport after a period is given
by
∆q =
∫
dkz
∫
dkw∂kz∂kwQxy. (B16)
7Appendix C: The 2nd Chern number
In this Section, we calculate the 2nd Chern flux of the three models defined in the main text and show its connection
to the charge accumulation at the corner of the 2D descendant families (cf., Sec A). In general, the momentum-space
representation of a chiral Hamiltonian is given by
d · Γ =
(−d01 M
M† d01
)
, (C1)
where d = {d0,d1,d2,d3,d4} is a real-valued vector, M is a 2x2 matrix and Γ = {Γ0,Γ1,Γ2,Γ3,Γ4} are five matrices
satisfying the chiral algebra, {Γi,Γ0} = 2δi01. The corresponding energy bands and Bloch vectors are given by
E±i = ±
√
d20 + Ei (C2)
and
U±i =
(
Mui
E±i +d0
ui
)
(C3)
where Ei and ui are the eigenvalues and eigenvectors of M†M .
The 2nd Chern flux over a specified region Ω is defined as the energy-momentum integral of the symmetric form
Φ2 = −pi
2
15
µνρστ
∫
Ω
d4kdω
(2pi)
5 Tr
(
G∂qµG
−1) (G∂qνG−1) (G∂qρG−1) (G∂qσG−1) (G∂qτG−1) (C4)
where qµ = {ω, kx, ky, kz, kw} and G = [ω + iδ − d · Γ]−1 is the single-particle Green’s function. We consider 4D
Hamiltonians where d = {µ0(k˜), µ1(k˜), µ2(k˜), vx(k˜)kx, vy(k˜)ky}, and, for simplicity, take µ0, vx, and vy to be con-
stants, µ1(k˜) ≡ µ1(kz) to be a function of only kz and µ2(k˜) ≡ µ2(kw) to be a function of only kw.
1. Model I
We consider the 4D Hamiltonian given in Eq. (A1), where Γ = {Γ0,Γ1,Γ2,Γ3,Γ4} are the five matrices given in
Eq. (A2). In this case, Eq. (C4) is given by
Φ2 = − i
pi3
∫
Ω
µ0∂kzµ1∂kwµ2
(ω2 − |d|2)3 d
2kd2k˜dω . (C5)
Integrating over ω using the residue theorem we obtain
Φ2 =
3
8pi2
∫
µ0∂kzµ1∂kwµ2
|d|5/2 d
2kd2k˜ . (C6)
Generalizing this to a Hamiltonian d · Γ, where d is now a smooth function of k and k˜, we obtain
Φ2 =
3
8pi2
∫
dˆ · (∂kx dˆ× ∂ky dˆ× ∂kz dˆ× ∂kw dˆ)d2kd2k˜ . (C7)
The above expression is equal to the charge accumulation qC derived in Eq. (A16). Importantly, in the limit where
the chiral mass µ0 goes to zero, the 2
nd Chern flux Φ2 takes quantised values
lim
µ0→0±
|Φ2| = 1
2
or 0 , (C8)
depending on if the integration domain Ω encloses the singular point in the spectrum where the gap size becomes
proportional to ∼ µ0.
82. Model II
We consider the 4D Hamiltonian given in Eq. (A18), where Γ = {Γ0,Γ1,Γ2,Γ3,Γ4} are the five matrices given in
Eq. (A19). Taking the limit → 0, Eq. (C4) is given by
lim
→0
Φ2 =
i2
3pi3
∫
Ω
ω2 + k2x + µ
2
1 − µ20(−ω2 + k2x + µ21 + µ0)4µ0∂xµ1∂yµ2 d2kd2k˜dω . (C9)
The above expression is proportional to the charge accumulation qC derived in Eq. (A22).
3. Model III
We consider the 4D Hamiltonian given in Eq. (A24), where Γ = {Γ0,Γ1,Γ2,Γ3,Γ4} are the five matrices given in
Eq. (A25). Taking the limit → 0, Eq. (C4) is given by
lim
→0
Φ2 =
i2
2pi3
∫
Ω
µ0∂xµ1∂yµ2(−ω2 + k2x + µ21 + µ20)3 d2kd2k˜dω . (C10)
The above expression is equal to the charge accumulation qC derived in Eq. (A28).
